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APPLICATION OF THE PONTRYAGIN MAXIMUM PRINCIPLE TO FLIGHT I N  
A VACUUM 

G.  Steinmetz 

This  paper d i scusses  methods of determining f u e l -  
optimum ascen t  t r a j e c t o r i e s  i n  a vacuum ( c l a s s i c a l  
ca l cu lus  of v a r i a t i o n s ,  Pontryagin maximum p r i n c i p l e ,  
dynamic programming, g r a d i e n t  method). It i s  found 
t h a t  t h e  Pontryagin m a x i m u m  p r i n c i p l e  has  d i s t i n c t  
advantages over t h e  o t h e r  methods. The mathematical  
r e l a t i o n s h i p s  f o r  t h e  a p p l i c a t i o n  of t h e  p r i n c i p l e  t o  
t h e  t i t l e  problem are der ived .  The d i f f i c u l t i e s  en- 
countered are d iscussed .  

1. Notat ion 

Accelera t ion  of g rav i ty  

Al t i t ude  of f l i g h t  

Mass of t h e  rocke t  

Maximum f u e l  mass flow 

Radius of t h e  Ear th  

Propuls ion u n i t  t h r u s t ,  p ropuls ion  u n i t  

T i m e  

maximum t h r u s t  

F l i g h t  l o s s e s  

Exhaust v e l o c i t y  of t h e  f u e l  

Angle of i n c l i n a t i o n  of t h e  propuls ion  
u n i t  a x i s  w i th  r e spec t  t o  the  
t r a j e c t o r y  

hor izon  
Angle between t h e  t r a j e c t o r y  and t h e  

S teer ing  func t ion  of t h e  magnitude of 

Adjoint v a r i a b l e  

propuls ion  u n i t  t h r u s t  

2 .  Statement of t h e  Problem 

The i n v e s t i g a t i o n  w a s  c a r r i e d  ou t  w i t h i n  t h e  framework of a de te rmina t ion  

* Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  o r i g i n a l  f o r e i g n  t e x t .  
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of optimum ascen t  t r a j e c t o r i e s  f o r  a two-stage space rocke t .  
w a s  t o  p l ace  t h e  second s t a g e  of t h e  rocket  i n  a c i r c u l a r  o r b i t  around t h e  
e a r t h  i n  such a way t h a t  t h e  r equ i r ed  f u e l  consumption i s  a t  a minimum. 

The problem 

I n  o rde r  t o  o b t a i n  approximate va lues  f o r  our  p r o j e c t  i n  as s h o r t  a 
time as p o s s i b l e ,  w e  chose t h e  following approach: 

1. Experimental de te rmina t ion  of the  optimum ascen t  t r a j e c t o r y  w i t h i n  
t h e  atmosphere (with t h e  a i d  of an  analog computer i n v e s t i g a t i o n ) .  

2 .  Optimizat ion of t he  t r a j e c t o r y  i n  a vacuum according t o  p r i n c i p l e s  
of v a r i a t i o n a l  c a l c u l u s  ( a l s o  wi th  t h e  a i d  of an  analog computer i nves t iga t ion ) .  

I n  t h i s  i n v e s t i g a t i o n  w e  made t h e  assumption t h a t  t h e  s t ag ing  separa- 
occurs  a t  a l t i t u d e s  a t  which t h e  only  e x t e r n a l  f o r c e  i s  t h e  e a r t h ' s  t i o n  

a t t r a c t i o n .  

The op t imiza t ion  of t h e  o v e r a l l  t r a j e c t o r y  f o r  given i n i t i a l  and 
) can be  c a r r i e d  h c i r c u l a r  o r b i t  t e rmina l  condi t ions  ( a t  h = 0; a t  h = 

r e l a t i v e l y  e a s i l y  us ing  t h e  d i v i s i o n  of t h e  problem i n t o  two p a r t i a l  problems 
as mentioned above. 
p o s i t i o n )  as w e l l  as t h e  i n i t i a l  va lues  of t h e  upper t r a j e c t o r y  segment 
( s t ag ing  p o s i t i o n )  are both considered as v a r i a b l e .  The de termina t ion  of 
t h e  optimum o v e r a l l  t r a j e c t o r y ,  inc luding  t h e  de te rmina t ion  of t h e  optimum 
s t ag ing  posi t ic tn , then occurs  by connection of t he  two t r a j e c t o r y  segments 
i n  a way t h a t  w i l l  minimize t h e  f u e l  consumption. 

The end p o i n t s  of the  lower t r a j e c t o r y  segment ( s t ag ing  

The fo l lowing  cons ide ra t ions  w i l l  only be concerned wi th  t h e  second 
t r a j e c t o r y  segment, i . e . ,  t h e  opt imiza t ion  of t h e  f u e l  consumption i n  a 
vacuum. 

The fo l lowing  s impl i fy ing  assumptions are made f o r  t h i s  purpose: 

a) The t r a j e c t o r i e s  are two-dimensional. 

b) The t a r g e t  o r b i t  is a c i r c u l a r  o r b i t .  

c )  L imi t a t ions  f o r  t h e  r e s t r i c t i o n  of t h e  a v a i l a b l e  phase space are 
no t  taken  i n t o  account.  

The fo l lowing  s t e e r i n g  v a r i a b l e s  a r e  used: 

1. 

2 .  Thrus t  d i r e c t i o n  a; ct i s  a r b i t r a r y .  

Propuls ion  u n i t  t h r u s t  S ;  where 0 5 - -  S 5 Smax is  s a t i s f i e d .  

For t h e  s t e e r i n g  v a r i a b l e s  w e  made t h e  s impl i fy ing  assumption t h a t  t h e i r  
change p e r  t i m e  u n i t  i s  no t  bounded. 
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3. Discussion of t h e  Poss ib le  Methods of So lu t ion  

The a p p l i c a b l e  mathematical  op t imiza t ion  procedure should s a t i s f y  t h e  
fol lowing condi t ions :  

1. The opt imiza t ion  procedure must be  such t h a t  by us ing  a procedure 
which i s  i n  p r i n c i p l e  t h e  same i t  becomes p o s s i b l e  t o  so lve  more ex tens ive  
problems of t h e  same type. There i s  v a l i d i t y  i n  t h i s  cond i t ion ,  because i t  
enables  us  t o  accumulate information on t h i s  problem. 

2. The method should have r e l a t i v e l y  small  demands i n  t i m e  and c o s t  
( f o r  t h e  p re sen t  s t a g e  of t h e  i n v e s t i g a t i o n ) .  

Due t o  t h e  accuracy requirements  f o r  t h e  r e s u l t s ,  i t  seemad a p p r o p r i a t e  
t o  c a r r y  ou t  t h e  i n v e s t i g a t i o n  using an  analog computer. On t h e  o t h e r  hand, 
t he  use  of t h e  analog computer as a c a l c u l a t i o n  a i d  s a t i f i e d  t h e  cond i t ions  
set f o r t h  i n  3.2. . 
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I n  p r i n c i p l e ,  t h e  fol lowing methods of s o l u t i o n  are poss ib l e :  

a )  Classical v a r i a t i o n a l  ca l cu lus  
b )  Pontryagin maximum p r i n c i p l e  
c) Dynamic programming (Bellman) 
d )  Gradien t  method. 

It should be  noted t h a t  t h e  most important d i f f i c u l t i e s  i n  t h e  
a p p l i c a t i o n  of t h e  methods of Group a and Group b occur due t o  t h e  boundary 
va lue  problem which must be  solved.  
i n  t h e  a p p l i c a t i o n  of methods c and d as t h e  number of v a r i a b l e s  i s  increased  
(dimension of t he  phase space,  number of s t e e r i n g  v a r i a b l e s ) .  

On t h e  o t h e r  hand, d i f f i c u l t i e s  occur 

S ince ,  according t o  t h e  requirement 3.1., i t  is  requ i r ed  t h a t ,  i n  
p r i n c i p l e ,  t h e  s a m e  method is  t o  be used f o r  more ex tens ive  and more 
complicated problems ( t r a j e c t o r y  opt imiza t ion  w i t h i n  t h e  atmosphere),  w e  
decided t o  avoid t h e  u s e  of methods c and d f o r  t h e  reasons g iven  above. The 
methods a and b have t h e  a d d i t i o n a l  advantage t h a t  i n  t h e  p re sen t  problem 
t h e  a s s o c i a t e d  major d i f f i c u l t y ,  i . e . ,  t he  s o l u t i o n  of boundary va lue  problems, 
d i sappea r s  a t  least  i n  p a r t  due t o  t h e  v a r i a b l e  s t ag ing  p o s i t i o n  which has 
been assumed a t  least temporar i ly .  Of the  two opt imiza t ion  procedures  which 
remain,  the Pontryagin maximum p r i n c i p l e  w a s  used f o r  t h e  s o l u t i o n  of t h e  
problem. This  procedure has  the  following advantages over t h e  c lass ical  
c a l c u l u s  of v a r i a t i o n s :  

1. It expresses  t h e  conten t  of t h ree  necessary  cond i t ions  of t h e  
c lass ica l  c a l c u l u s  of v a r i a t i o n s  -- Euler d i f f e r e n t i a l  equat ion ,  Legendre 
c o n d i t i o n ,  Weierstrass necessary condi t ion  -- i n  a s imple way, which i s  t h e  
necessary  cond i t ion  f o r  t h e  presence of a n  optimum. 
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2. I n  t h e  p re sen t  problem, t h e r e  are no a d d i t i o n a l  cond i t ions  which 
must b e  s a t i s f i e d  ( c l a s s i c a l  ca l cu lus  of v a r i a t i o n s :  Weierstrass-Erdmann- 
co rne r  c o n d i t i o n s )  due t o  t h e  presence of d i s c o n t i n u i t i e s  i n  t h e  t i m e  

3 



derivatives of the phase variables. 

3 .  For more complicated problems (restriction of the allowable phase 
space) the difficulties in the application of classical calculus of variations 
increase in a manner which is disproportionally larger. 

: Since, in the present case we intended to attemptthe solution of more 
complicated and more extensive problems, it seemed appropriate to prefer 
the maximum principle according to condition 3 . 1 .  . * 

1 

4 .  Solution of the Optimization Problem 

I - _  - was optimized in such a way that in circular 
x~ m The quantity 

1 
m orbit - becomes a minimum. 

The following are phase space variables: v, y, h, m. 

4.1. Formulation of the system of equations 

The steering variables must be chosen in such a way that the functional 

x, = ( m )  1 = 3 'my' 6 : d i  t fr;& 
I le lo m 

becomes a minimum. 

The following side conditions must be satisfied: 

- =  dh fh I V - s i n r  df 

The acceleration of gravity is calculated from 
9,87 * r E z  

= (rE + h I 2  
The system of 
(see Ref. 1): 

differential equations for the adjoint variables results in 
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dt 
For convenience (section 4 . 3 . )  a time transformation was carried out: 

T = t ,  - t .  ; dr  = - dt 

4.2.  Realization of the optimization criterion based on the maximum 
principle. 

In order that the steering variables a, 6 and the phase variables 

0 
vY y, m y  n are optimum in the sense that x is made a minimum by them, 

it is necessary that the following conditions are satisfied (see Ref. 1) and 
that the vector function $ ($o, $vy 

For each t, to L t 

I , $ , $n) does not vanish: 
Y m  

a) 2 tl the function 

H ( y  ; v , t , m . h ; u 1 6 )  = px;G0+ pv'fv +W,.$+P'fm+IV'f m h h  

of the variables a t  6 (0 2 6 1) takes on its maximum at the point 
a = a (t) , 6 = 6(t): 

H = f U y ;  v , r , m , h )  

b) At the time tl the following conditions must be satisfied: 

KO ( t , )  - 'o M= 0 

c) The differential equations given in section 4.1. must be satisfied. 
In the present problem we have: 

H = I m moxl 6 + y,, e v;cosa - v p . g . s i n i  

/15 
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a f t e r  i n t roduc t ion  of the switching func t ion  
I 

t h e  fol lowing r e s u l t  is  obta ined:  
V H = 6 . ~  - y V . g -  s in t  + pa( - 9 ) COS( + (yh,v*  sing V , 

r The c r i t e r i o n  f o r  t h e  switching on and switching o f f ,  r e s p e c t i v e l y ,  of t h e  
propuls ion  system fo l lows  from condi t ion  (a) of t h e  maximum p r i n c i p l e :  

A > O  --cI S = 6 b a x = 1  

A < O  ---c 6 = hmin = O  
, The t h r u s t  d i r e c t i o n  (a) fo1lows from condi t ion  ( a )  as w e l l :  

cx = arctan 
v -  (vy 

The necessary  cond i t ion  f o r  s a t i s f y i n g  t h e  cond i t ion  ( a )  wi th  r e s p e c t  t o  
a i s  t h e  fol lowing:  

- 117 

II Under t h e  cond i t ion  t h a t  la\ < - 2 it  fol lows from t h i s  t h a t :  

Y" > o  
Summarizing, t h e  fol lowing condi t ions  r e s u l t  f o r  optimum f l i g h t  t r a j e c t o r i e s :  

1. The system of d i f f e r e n t i a l  equat ions of s e c t i o n  4.1.  i s  s a t i s f i e d .  

2. Switching func t ion  f o r  t h e  t h r u s t  
A S 0  - 6 = l  

6 



4 *  +XO = -1 ( t h e  magnitude of $xo can be chosen a r b i t r a r i l y ,  because 

t h e  system of d i f f e r e n t i a l  equat ions  i s  homogenous i n  $k (K = V, y, m y  n ,  X O ~  

5. M I t l  = 0. 

I 4 . 3  Discussion of special  f ea tu res .  - 118 

An analog computer w a s  used as t h e  computation a i d  f o r  t he  reasons  
I * given  i n  t h e  in t roduc t ion .  

f o r  t h e  s o l u t i o n  of t h e  system of equat ions ,  e s p e c i a l l y  because the  s t e e r i n g  
v a r i a b l e s  can be expressed i n  an e x p l i c i t  manner. The i n t r o d u c t i o n  of t h e  
f u n c t i o n a l  i n  t h e  form given  has  the  advantage over  t h e  e x p l i c i t  cond i t ion  
m = m  which seems simpler  a t  f i r s t  

g lance ,  i n  t h a t  t h e  corresponding a d j o i n t  v a r i a b l e  $x 

t i m e .  Thus, every c a l c u l a t e d  t r a j e c t o r y  s a t i s f i e s  t h e  necessary  optimum 
cond i t ion  and t h e  course  of $xo need not be  c o n t r o l l e d .  

The analog computer i s  p a r t i c u l a r l y  w e l l  s u i t e d  

c i r c u l a r  o r b i t  maximum c i r c u l a r  o r b i t ’  
i s  independent of t h e  

0 

W e  found t h a t  t h e  switching func t ion  of t h e  t h r u s t ,  A ,  had t o  be  simulated 
i n  a r e l a t i v e l y  exact manner. 
u s u a l l y  caused by non-l inear  c a l c u l a t i o n  elements ,  r e s u l t  i n  h igh  frequency 
on-off swi tch ing  commands f o r  t h e  propuls ion u n i t  t h r u s t  a t  t h e  t i m e  of 
switching.  

Deviat ions from the exact va lue ,  which are 

The reversal of t h e  d i r e c t i o n  of i n t e g r a t i o n  ( t i m e  t ransformat ion)  
r e s u l t e d  from t h e  f a c t  t h a t  t h e  f i n a l  condi t ions  ( c i r c u l a r  o r b i t )  were 
g iven  i n  t h e  form of a po in t  i n  phase space,  whereas, i n  c o n t r a s t  t o  t h i s ,  
t h e  i n i t i a l  condi t ions  ( s t ag ing  pos i t i on )  must on ly  l i e  w i t h i n  a reg ion  of 
phase space.  Due t o  t h e s e  f a c t s  i t  w a s  p o s s i b l e  t o  avoid ex tens ive  r e c u r s i o n  
formulas f o r  t h e  c a l c u l a t i o n  of f i x e d  end va lues  by making use  of t h e  t i m e  
t ransformat ion .  I n  o rde r  t o  a s s u r e  t h a t  t h e  t r a j e c t o r y  ends i n  t h e  r eg ion  
of p o s s i b l e  s t ag ing  p o s i t i o n s ,  t h e  i n i t i a l  va lues  ( c i r c u l a r  o r b i t )  of t h r e e  

t h e  a d j o i n t  v a r i a b l e s  fo l low from t h e  necessary cond i t ion  a l r eady :  

= 0) .  

a d j o i n t  v a r i a b l e s  were v a r i e d  manually (two of t h e  f i v e  i n i t i a l  va lues  of - 119 

$,, = -1; an a d d i t i o n a l  i n i t i a l  va lue  fo l lows  from MI t l  
A f u r t h e r  d i f f i c u l t y  r e s u l t e d  from t h e  f a c t  t h a t  when t h e  c i r c u l a r  o r b i t  

t h e  c o n d i t i o n  A = 0 followed a t  t h e  i n i t i a l  p o i n t  of t h e  i n t e g r a t i o n  i n t e r v a l .  
This  corresponds t o  t h e  t r i v i a l  s o l u t i o n  which states t h a t  t h e  i n i t i a l  
c i r c u l a r  o r b i t  i s  an  optimum t r a j e c t o r y  wi th  r e s p e c t  t o  f u e l  consumption. 
Thus, i t  w a s  necessary  t o  d e v i a t e  from t h e  exact c i r c u l a r  o r b i t  cond i t ion  
as t h e  i n i t i a l  state: t h e  i n i t i a l  v e l o c i t y  w a s  taken as V = 0.995 x 

‘c i rcu lar  o r b i t ’  
v a r i a b l e s  were chosen i n  such a way t h a t  A 

optimum t r a j e c t o r i e s  w a s  no t  changed because, when t h e  t r a j e c t o r y  i n t e r c e p t s  
t h e  c i r c u l a r  o r b i t , a t  l eas t  a s h o r t  time i s  requ i r ed  f o r  t h e p r o p u l s i o n  

u n l t  t o  b e  turned on. 

c o n d i t i o n  w a s  adhet-ed t o  (y = 0,  h = h c i r c u l a r  o r b i t ’  V =  ‘c i rcular  o r b i t  1 

0 

i n  a d d i t i o n ,  t h e  f r e e  i n i t i a l  cond i t ions  of t h e  a d j o i n t  

> 0. The f i e l d  of t h e  
(t = tl) 
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5. Summary 

i 

This a r t i c l e  showed a p o s s i b l e  method of a t t a c k  f o r  t h e  de te rmina t ion  
of f u e l  optimum t r a j e c t o r i e s  i n  a vacuum, which can be c a r r i e d  ou t  w i th  a 
t o l e r a b l e  amount of e f f o r t .  Such i n v e s t i g a t i o n s  are most o f t e n  c a r r i e d  o u t  
dur ing  t h e  p r o j e c t  s t a g e  of a miss ion ,  where i t  is  necessary  t o  make a 
d e c i s i o n  f o r  one of t he  p o s s i b l e  s o l u t i o n s .  

The p o s s i b l e  methods of op t imiza t ion  w e r e  d i scussed  w i t h  regard  t o  
t h e i r  a p p l i c a b i l i t y  t o  t h e  s p e c i a l  problem of determining f u e l  optimum ascen t  
t r a j e c t o r i e s .  
advantages over  o t h e r  methods. 
der ived  based on t h e  maximum p r i n c i p l e  as t h e  op t imiza t ion  method. F i n a l l y ,  
w e  r epor t ed  on p e c u l i a r i t i e s  which occur when t h e  i n v e s t i g a t i o n s  are c a r r i e d  
out .  

It w a s  found t h a t  t h e  Pontryagin maximum p r i n c i p l e  o f f e r s  
Then the  mathematical  r e l a t i o n s h i p s  w e r e  
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